This paper presents a high fidelity homogenization method for periodically layered composite structures that accounts for plasticity in the matrix material and quasi-brittle damage in the reinforcing layers, combined with strong geometrical nonlinearities. A set of deliberately chosen internal kinematic variables results in a rigorous representation of the kinematics of the two constituents, which in turn allows for complex constitutive laws per constituent to be employed directly in the formulation. The model accounts for hyperelastoplastic behavior in the matrix phase and hyper-elastic behavior in the reinforcement as well as for the bending stiffness of the reinforcement layers. Additionally to previously proposed models, the present method includes Lemaitre type damage for the reinforcement, making it applicable to a wider range of engineering applications. The capability of the proposed method in representing the combined effect of plasticity, damage and buckling at microlevel within a homogenized setting is demonstrated by means of direct comparisons to a reference discrete model.
INTRODUCTION
The importance of composite materials for a plethora of engineering applications motivates the development of accurate and efficient numerical methods for the structural analysis of corresponding components. Among the different types of composites available, the present work focuses on materials with a microstructure of periodically alternating layers of two distinct phases. Although the presented methodology is applicable to a broad range of constitutive behaviors for the two phases, in the present work it is specialized to the combination of a ductile and a quasi-brittle phase.
The layered microstructure considered here can also be seen as a two dimensional analog of long fiber reinforced composites. Hence, the term "fiber" will by convention be assigned to the quasibrittle phase, which is typically stiffer and stronger than the ductile phase that will accordingly be denoted as the "matrix". Failure of the quasi-brittle layers can be referred to as fiber breakage or fiber crushing, depending on whether the corresponding layers break under tension or bending or under compression, respectively [1] .
Mechanical systems with a microstructure of the aforementioned characteristics can be found e.g. in connection with metallic-ceramic composites [2] , co-extruded polymer-polymer laminates [3] or equivalent additively manufactured laminates. Applications of an elastomer matrix instead of a ductile phase are also covered by the present work. Moreover, unidirectional fiber reinforced prepregs could in principle be considered as the quasi-brittle phase as well, but this would require an extension of the material model for the quasi-brittle layers to orthotropic elasticity with damage.
Finally, the laminated microstructure considered here, seen as a plane strain approximation of unidirectional fiber reinforced composites in general, is an adequate approximation for studying several effects of fiber breakage in such composites qualitatively.
So-called direct simulation could be applied for studying the micromechanical behavior of the considered laminates by discretizing each individual lamina in the microstructure explicitly. In this context, standard finite-element techniques with constitutive laws of arbitrary complexity for each material phase are rather straightforward to apply as e.g. in [4] for studying compressive instabilities This article is protected by copyright. All rights reserved.
Accepted Article DUCTILE-BRITTLE LAMINATE HOMOGENIZATION 3 and in [5] for tensile loading including damage. Nevertheless, the computational cost of direct simulation limits its applicability to rather small and geometrically simple domains. Accounting for a heterogeneous microstructure in the modeling of larger components or structures requires a homogenized representation.
A practical approach is to neglect the complex microscale phenomena and use simple linearized constitutive laws in the analysis phase, followed by a post-processing step, where the obtained stresses and strains are used as input to well established anisotropic failure criteria that represent the microscale [6] . Alternatively, generic constitutive frameworks for anisotropic plasticity and damage, directly defined at the macroscopic level, can be employed in order to account for progressive damage within the component analysis [7, 8] . Such models are often tuned to represent particularly well specific phenomena of interest at the microscale [9, 10] and they are also often used in combination with fitting to experimental data.
A third approach, at a higher level of detail, is the representation of heterogeneous microstructures by computational homogenization and so-called multiscale methods, reviewed recently in [11] , [12] , [13] and [14] . The main problem that homogenization methods deal with in general is how the macroscopic kinematics are transformed into the microstructure kinematics and how the resulting stresses in the microstructure affect the force equilibrium at the macroscale. As an outcome, a macroscopic material response is obtained based on assumed material laws for the different phases contained in the microstructure and the geometrical features of the microstructure.
In this process, geometrically complex microstructures, inelastic constituents, damage effects and kinematic nonlinearities present a significant challenge.
Depending on whether the response of the microstructure is determined beforehand or as part of the macroscopic simulation, multiscale methods are divided into two categories. Methods characterized in the literature as sequential, serial or hierarchical reformulate the response of the microstructure into some effective macroscopic behavior that can be used later in a macroscale simulation. Normally, the format of this transfer from the micro-to the macroscale is less abstract than in the case of the aforementioned generalized constitutive frameworks but some overlapping This article is protected by copyright. All rights reserved.
Accepted Article 4 K. POULIOS AND C. F. NIORDSON between the two categories exists. On the other hand, multiscale methods referred to as concurrent or integrated ones solve the microscale problem as part of the macroscale one, normally in a nested manner. An exception to the aforementioned distinction between sequential and concurrent methods is related to modern reduced order modeling techniques. Although the microstructure analysis is performed offline, these methods can potentially provide sufficiently accurate representations of the microstructural response for them to classify as concurrent methods [15, 16] .
Homogenization techniques and corresponding multiscale methods can also be categorized according to the kinematic variables used to describe the homogenized continuum at the macroscale.
The vast majority of homogenization methods in the literature refer to a macroscale continuum that is kinematically described by the displacements field exclusively, with first order homogenization employing only first derivatives of this field, while second order homogenization additionally accounts for second derivatives. It should be stressed here that the restriction of the macroscale kinematic description to the displacements only limits the interface between the two scales to a rather specific format which in turn affects the complexity of the microscale boundary value problem to solve. The discussions found in the literature with respect to alternative boundary conditions for the microscale problem [17, 18] are strongly related to the choice of the displacements field as the unique kinematic field at the macroscale. As an alternative, homogenization methods can be applied with respect to a generalized continuum description at the macroscale that includes additional internal kinematic variables [19] . This approach has recently gained popularity resulting in rather successful representations of the underlying microstructure in cases involving relatively complex microstructures [20] as well as damage and plasticity in masonry structures [21, 22] .
Also the model proposed in [23] actually homogenizes a ductile-elastic periodic laminate into a macroscopic Cosserat medium, accounting for finite rotations and the bending stiffness of the reinforcing elastic layers. Instead of Cosserat microrotations, the model proposed by the authors [24] employs a non-standard internal kinematic variable in combination with hyper-elastoplasticity at the constituent level in order to additionally provide a valid formulation for large deformations both at the macroscale and within the microstructure. This article is protected by copyright. All rights reserved.
Homogenization

Semi-analytical, Computational
First or second order, ... previous work [24] has shown that an appropriate choice of such internal kinematic variables can result in an accurate representation of the considered microstructure, including nonlinear kinematics, without the need for solving a microscale equilibrium problem at each quadrature point.
Generic Constitutive Frameworks
This elimination of the nested solution required otherwise is at the cost of the additional degrees of freedom due to the kinematic variables at the macroscale. By solving for these variables and the homogenized displacements simultaneously, the microscale and macroscale equilibria are both solved at the macroscale.
Especially regarding the treatment of complex inelastic and load path dependent behavior at the constituent level, multiscale models can be ranked according to the level of abstraction that each framework superposes to the underlying material laws of the individual constituents. In relation to damage, one of the early efforts to relate directly to the constitutive laws of the constituents is the mixing rule proposed in [25] . Later, mathematical homogenization was used in [26] [12] and the high fidelity generalized method of cells [28] are rather versatile with respect to the employed constitutive laws within the considered microscale unit cell.
Despite the great progress in the transfer of complex material behaviors from the microscale to the macroscale, indicated by the cited references, the combination of plasticity and damage at the microscale with large deformations both at the macro and micro scales, is still challenging to achieve The rest of this paper is organized in five subsequent sections. Section 2 presents a kinematic description of the considered unit cell along with its embedding in the homogenized setting.
Section 3 describes the postulated constitutive laws for the two constituents and finally derives a virtual work expression with respect to the kinematic variables defined in the previous section.
Section 4 presents the necessary discretization steps at unit cell and global level along with an algorithm for tracking the solution through global instabilities in a quasi-static approximation.
Section 5 contains numerical results including comparisons with a reference discrete model and Section 6 summarizes and concludes the paper.
This article is protected by copyright. All rights reserved.
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KINEMATICS
In this work, a periodically layered microstructure is considered, consisting of two types of alternating layers subjected to plane strain conditions. The volumetric ratio of the two phases as well as the microstructure orientation angle in the undeformed configuration are considered as given and can vary smoothly across the modeled domain, i.e. the considered laminate is in general a quasiperiodic one. The kinematics of both phases can in principle be treated at the same level of detail.
However, here it is anticipated that the comparatively stiffer but quasi-brittle fiber layers require a richer kinematic description than the matrix layers because of possible strong variations of damage through the layer thickness.
One way of looking at the kinematics of the considered composite is by defining two sets of lines L T and L N in the undeformed configuration, respectively tangential and normal to the layers of the microstructure, as depicted in Figure 2 . Upon deformation, line segments within L T change orientation, length and curvature, leading to the deformed set of linesl T which remain smooth to the degree that the underlying layers do so. On the contrary, segments of the set L N , initially oriented normal to the layers of the microstructure, turn into the set of jagged linesl N in the deformed configuration with a wavelength corresponding to the period of the considered microstructure. A homogenized interpretation of the underlying inhomogeneous material can be obtained by defining the displacements field u that transforms the two line sets L T and L N into the smoothened line sets l T and l N , where l T coincides withl T and l N is obtained froml N by averaging out the aforementioned micro-fluctuations.
Any arbitrary point X of the reference configuration translates in the deformed configuration into a pointx = X +û through the non-homogenized displacements fieldû and at the same time it can be mapped to a point x = X + u based on the homogenized displacements field u.
The corresponding deformation gradients areF = I + ∇û and F u = I + ∇u, respectively. By the aforementioned definition of the homogenized continuum, a tangent vector to a line in l N has to be the average of the tangent to the corresponding jagged line inl N traversing the two constituents, This article is protected by copyright. All rights reserved. both in terms of direction and length. With N denoting the normalized direction vector of the corresponding undeformed line in L N , this last condition translates to
where χ is a coordinate with origin at an arbitrary point X that describes the position along the line of the set L N passing through X .
At the same time, an equivalent expression with respect to the set of tangent lines l T has to be fulfilled both for the fiber and matrix independently:
where T is the direction vector linked to L T , χ f and χ m are signed distances along the coordinate χ originating at the fiber and matrix centerlines respectively. The equality of the last two integrals in This article is protected by copyright. All rights reserved.
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Eq. (2) is simply the Voigt condition between the fiber and the matrix phases along the direction of the reinforcement.
Obviously, F u cannot represent the current deformation state of the individual constituents, unless it is used as a boundary condition in a unit cell boundary value problem that has to be solved, based on information about the constitutive behavior of the two phases. As an alternative to this nested approach, a richer kinematic description of the homogenized continuum can be sought, in the form of a generalized continuum with internal kinematic variables. In the authors' previous work, [24] , the non-homogenized deformation tensorF was approximated by
in the matrix phase and byF
in the fiber phase, where c m and c f are the corresponding volume fractions and a is a two dimensional internal kinematic variable defined in Figure 2 . Considering X as a point on the interface between the fiber and the matrix layers at χ f = h f /2, the strain like internal kinematic variable a is defined as the vector connecting the corresponding points x andx in the deformed configuration divided by the half period length (h f + h m )/2.
The deformation tensors F m andF f defined in Eqs. (3) and (4) were constructed to fulfill Eqs. (1) and (2) by definition. In order to capture the fiber bending kinematics, the tensorF f (χ f ) was additionally designed to fulfill the following compatibility equation
which ensures that there exists an underlying continuum that the tensorF is the deformation gradient of. It should be noted that gradients of the field a along direction N , i.e. perpendicular to the This article is protected by copyright. All rights reserved.
composite layers, must be excluded from the evaluation of the compatibility Eq. (5) because they express interlayer variations rather than variations within a single reinforcing layer. The latter are captured exclusively through the dependence on the local coordinate χ f .
The finite-element method presented in the sequel is based on the insight that the deformation gradientF f (χ f ) enhanced with the internal kinematic variable a and its spatial gradient ∇a is just the simplest of an infinite number of tensor spaces in
Eqs. (1), (2) and (5) . In fact, any tensor defined as
fulfills the aforementioned conditions for any set of smooth vector fields b i , provided that:
and
Some possible choices for enrichment functions w i and g i are presented in subsection 4.1. Once a choice has been made for the exact form of Eq. (6), stress like quantities work conjugate to the kinematic quantities ∇u, a, ∇a, b i and ∇b i can be determined.
CONSTITUTIVE MODELS AND WEAK FORMULATION
In this section, virtual work expressions are derived with respect to variations δu, δa and δb i , which involve a hyper-elastoplastic constitutive law with arbitrary strain hardening for the matrix phase and a hyper-elastic constitutive law with Lemaitre type damage for the fiber phase. In order to be able to employ independent constitutive laws per constituent, the closed form expressions for the deformation tensors in the matrix and fiber phases in terms of the homogenized displacements u and This article is protected by copyright. All rights reserved.
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DUCTILE-BRITTLE LAMINATE HOMOGENIZATION 11 internal kinematic variables a and b i , provided in Eqs. (3) and (6), are essential. The comparatively simpler representation of the matrix layers according to Eq. (3) is a deliberate choice made here in order to keep the number of internal kinematic variables low. Nevertheless, the richer kinematic description used for the fiber layers could be applied in an equivalent manner to the matrix layers as well.
For both phases, the assumed constitutive models are based on the (non exponentiated) Hencky hyper-elastic material model according to [29] that results in the relationship
between the elastic deformation tensor F and the corresponding Kirchhoff stress tensor τ. The bulk and shear moduli K and G respectively, are substituted with the corresponding quantities K m and G m for the matrix and K f and G f for the fiber phase.
Isotropic plasticity
Assuming associated J 2 -flow plasticity for the matrix material, the Kirchhoff stress tensor τ m within the matrix phase is given by Eq. (9) after substituting the deformation tensor F inside the deviatoric part of the equation with the elastic part F e m of the deformation tensor F m in the matrix, resulting in
The elastic and plastic parts of the deformation tensor in the matrix, denoted as F e m and F p m respectively, are defined through the usual multiplicative split
Assuming that the plastic deformation in the previous time step t * is known in terms of the corresponding inverse right Cauchy-Green strain tensor C p m *
, a trial version of
This article is protected by copyright. All rights reserved. Such a trial quantity, in combination with the fact that the plastic flow direction in J 2 -flow plasticity is given by the deviatoric part of Eq. (10) and application of backward Euler time integration, leads to a closed-form expression for the logarithmic elastic strain tensor as a function of F m and an unknown plasticity multiplier ξ m , defined as
For further details on the derivation of Eq. (12) the reader is referred to [30] and [24] .
Isotropic hardening laws rely on a cumulative plastic strain measure. The current cumulative plastic strain in the matrix, denoted by γ m , can be evaluated based on the corresponding value γ m * in the previous time step, the kinematic variables defining F m and the plasticity multiplier ξ m as
which implies a backward Euler time discretization with respect to γ m .
Given a yield surface f m (τ m , γ m ) = 0 and knowing that τ m and γ m are functions of ∇u, a and ξ m , the plasticity multiplier ξ m can be determined by enforcing the corresponding yield consistency
For isotropic linear hardening for instance, with initial yield stress σ y m and hardening modulus H m ,
the yield function f m is defined as 
Making use of the latter, Eq. (14) can be replaced by the nonlinear and nonsmooth equalitŷ
that can be directly used in the Newton-Raphson solution of each implicit time integration step, given the plastic strain field γ m * at the previous time instant.
Quasi-brittle damage
In order to account for quasi-brittle damage in the fiber material, deterioration of the material stiffness has to be incorporated into the hyper-elastic constitutive law of Eq. (9) . For this purpose, the strain based continuum damage model suggested in [31] is taken as a point of departure. Similar to the aforementioned work, an explicit deterioration of the material stiffness is postulated as a function of a damage variable d or the corresponding integrity variable ω = 1 − d. In particular, the Kirchhoff stress tensor at any distance χ f from the fiber centerline is assumed to be given by the following damage aware extension of Eq. (9) tõ
where the Macauley brackets notation · is used for the ramp function and the identity Here, following the same approach as in [31] , an equivalent strain is defined as
The expression under the square root is equal to two times the undamaged hyper-elastic strain energy density corresponding to Eq. (9), except for any compressive volumetric contributions, which are excluded through the Macauley brackets in Eq. (19) . Consequently, the adopted strain measure has units corresponding to the square root of energy density. Nevertheless, it should not be interpreted as a measure of the actually stored elastic energy since it always refers to the undamaged solid.
Assuming that no damage occurs below an equivalent strain threshold r th , an explicit relationship betweenr and a trial value for the damaged can be postulated as
where the coefficient C d defines the slope of the damage evolution, with higher values corresponding to lower material toughness. The parameter d ∞ = 1 − ω ∞ corresponds to a residual integrity ω ∞ very close to one, adopted for numerical reasons.
Considering the complete history of a material point until the current time instant t, the current value of the damage variable is defined as an extremum ofd trial within the time interval [0, t], given byd = sup 0≤t≤td trial (t).
A discrete version of the latter readsd
where d * is a damage value stored at the previous discrete time instant t * and all quantities without an explicit time specifier refer to the current time t.
Eqs. (19) , (20) and (21) 
Virtual work
In order to formulate a continuum mechanics model based on the kinematic variables u, a and b i defined earlier, a standard generalized continuum approach would suggest to derive stress like quantities work conjugate to these kinematic variables and seek constitutive laws that express such stresses as a function of the considered kinematic variables. An important realization of this work is that the latter step, namely the derivation of constitutive relationships directly between the kinematic quantities and the corresponding stress like quantities, is not strictly necessary and can actually limit the fidelity in the representation of the underlying micromechanical behavior unnecessarily.
Especially for complex constitutive laws in the individual phases that involve state variables e.g.
for plasticity and damage, transfer of these quantities to their equivalents expressed in terms of the introduced homogenized stress like quantities can be challenging.
As an alternative, it is possible to work directly with the constitutive laws of the constituents by making an integration over the considered unit cell part of the formulation instead of employing it as an a priori averaging procedure leading to a new constitutive law. In the earlier work by the authors [24] , this integration procedure corresponds to a simple weighted averaging of the two phases and an analytical integration through the fiber thickness with respect to fiber bending terms. In the present work, a numerical integration through the fiber thickness is proposed in order to deal with the higher complexity of the assumed constitutive law in the fiber.
One first step in the proposed formulation is the transformation of virtual variations δu, δa and δb i of the so far considered kinematic variables into corresponding variations of the deformation This article is protected by copyright. All rights reserved.
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respectively.
Work conjugate to these variations are the first Piola-Kirchhoff stress tensors in the fiber and matrix phases, respectively defined asP
Making use of the assumption that neither the stress nor the deformation tensor vary across the matrix layer thickness significantly, the averaged virtual work per undeformed unit volume of the considered microstructure can be written as
After substitution of Eqs. (23) and (24) 
with
Eq. (28) defines stress like second order tensors work conjugate to ∇δu, ∇δa and ∇δb i as well as stress like vector quantities work conjugate to δa and δb i . Apart from the equilibrium between the average first Piola-Kirchhoff stresses P m and P f 0 , the virtual work defined in Eq. (28) expresses equilibria with respect to the first order moment P f 1 and the generalized moments P f w(i) and P f g (i) .
The only still to be defined component for deploying the virtual work expression of Eq. (28) within a finite-element scheme is an approximation of the integrals in Eqs. 
which provides sufficient conditions for determining all kinematic fields u, a and b i . Eq. (33) implies that the boundary ∂Ω is assumed to be free of tractions work conjugate to a and b i . However, boundary conditions of the Dirichlet kind can still be applied to these variables by restricting the corresponding admissible spaces accordingly.
This article is protected by copyright. All rights reserved. 
where δξ m can be considered as a virtual variation of ξ m .
DISCRETIZATION
Choice of internal kinematic enrichment functions
In the derivation of the virtual work expression presented above, the enrichment functions w i and g i were not specified neither in form nor in number. This section presents the set of such functions that are employed in the numerical example to follow. It is straightforward to show that the functions
along with
fulfill the conditions described by Eqs. (7) and (8) . Figure 3 Figure 3 . Internal kinematic enrichment functions.
Numerical integration over the fiber height
Different techniques can be employed in order to evaluate the integrals in Eqs. (29)- (32) . From standard Gauss quadrature in the unit cell to nonlocal quadrature as proposed in [32] . The present section introduces a special scheme, where numerical integration is performed based on a piecewise linear interpolation of the integrand with four control points A, B, C and D and the shape functions The deformation tensors F f A , F f B , F f C and F f D at the four control points can be evaluated according to Eq. (6) by substituting the corresponding χ f values as well as the constants
and 
which can be used in order to evaluate the integrals defined in Eqs. (29)- (32) , resulting in the approximations For the type of materials considered here for instance, the energy released at fiber breakage leads most likely to a highly dynamic response that requires accordingly fine time discretization. Within This article is protected by copyright. All rights reserved.
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DUCTILE-BRITTLE LAMINATE HOMOGENIZATION 23 a quasi-static simulation on the other side, it is particularly difficult to solve a load step across an instability and determine a quasi-static equilibrium in the post-buckling or post-damage state. In order to deal with this problem, the present work proposes a quasi-static scheme with a pseudodynamic simulation across instability points.
The main idea is to perform an ordinary quasi-static simulation with a prescribed evolution of loads and boundary displacements at predefined time intervals. A special treatment is performed only if the standard Newton-Raphson algorithm fails to converge to an equilibrium. In that case, a series of rate dependent sub-steps are performed with viscous forces and rate dependent damage evolution until a quasi-static equilibrium is achieved at the end of the prescribed load step. The performed sub-steps do not constitute a real dynamic situation since no inertia is considered and the viscous effects included are artificial ones. Capturing the actual dynamic response during fiber breakage is beyond the scope of the present work and hence a real dynamic simulation that involves a correspondingly high frequency response is avoided. The time interval for each sub-step is heuristically determined aiming at values as large as possible. As the time intervals tend to infinity, a solution that is an equilibrium in a quasi-static sense is recovered. A final sub-step is performed with viscous forces and damage rate dependence completely turned off in order to ensure a quasi-static equilibrium. The flow diagram in Figure 5 defines the considered algorithm more precisely.
The rate independent nonlinear equation for a vanishing G in Figure 5 corresponds to the enforcement of Eqs. (33) and (34), while G ∆t is a rate dependent version of G, discretized in time using a backward Euler approximation for the interval ∆t. Viscous forces with respect to a fixed reference frame are accounted for by including the corresponding virtual work
to Eq. (33). In Eq. (50), the quantityĈ visc is a viscosity parameter with units N s mm −4 that can vary across the microstructure and δû is a virtual variation of the non-homogenized displacements field. A piecewise constant parameterĈ visc with two distinct values C visc, f and C visc,m for the fiber This article is protected by copyright. All rights reserved.
Accepted Article 24 K. POULIOS AND C. F. NIORDSON Figure 5 . Flow diagram for the quasi-static simulation algorithm. and matrix, respectively, results in the averaged value C visc = c f C visc, f + c m C visc,m that is employed in the discretized and homogenized approximation included in Eq. (50). Due to the only marginal role of the performed regularization for the quasi-static result at the end of the load step, a detailed derivation of Eq. (50) is omitted here for the sake of brevity. It is however important to note that the asterisk subscript denotes last known solutions for the corresponding fields, which according to Figure 5 correspond to the previous sub-step j posterior to the previous load step n.
The rate dependent regularization of the damage evolution in G ∆t is performed by replacing the closed form Eq. (21) with an ordinary differential equation with respect to time, defined aṡ
which is finally used in the definition of G ∆t instead of Eq. (22) used in the rate independent problem.
The rate dependent models introduced in this section are not essential for the quasi-static equilibrium obtained at the end of a load step across an instability. However, the ratio between the damage viscosity C d,visc and the artificial damping parameter C visc determines whether damage evolution is fast or slow compared to the dynamics of the system in terms of displacements.
Depending on this ratio, different damage propagation paths are in principle possible, nevertheless this effect is not investigated in the present work.
NUMERICAL RESULTS
The numerical results presented in this section refer to a reinforced beam with an initial geometrical At the same time, the beam geometry includes a geometrical imperfection in form of a waviness defined through the expression
where a w = 0.06 mm and L w = 3.6 mm are amplitude and wavelength parameters respectively.
Due to the available symmetries in the boundary conditions and geometry, it is sufficient to model only the non faded half of the domain illustrated in Figure 6 with a twofold rotational symmetry constraint along the vertical centerline. Of course, the enforcement of the aforementioned symmetries limits the available global buckling modes to those with a period along the horizontal direction equal to L and its fractions. This article is protected by copyright. All rights reserved.
The obtained curves are obtained by incrementing the prescribed nominal compressive strain from zero to 0.02 in 96 equisized intervals. In general, the results from the homogenized model seem to capture the force response curves up to the instability as well as the instability point remarkably well for all employed meshes. For a purely elastic matrix material the instability is captured with no more than one load step discrepancy in all cases. The predicted instability points for an elastoplastic material deviate by four load steps in the worst case. The accuracy of the homogenized model with respect to the reference model is in general better for the higher value of the damage slope parameter C d and hence for comparatively more brittle fibers. The post-instability response is also reproduced fairly accurately, especially in the case of an elastoplastic matrix phase.
Compared to Figure 8 , the weakening within the compressive strain range from 0.001 to 0.003 shown in Figure 9 is due to matrix plasticity induced buckling and is not related to fiber damage.
For high values of the damage threshold parameter r th , fiber damage initiates at considerably high compressive strain values, far in the post-buckling regime. The numerical study presented in this section showcases the capability of the proposed homogenization method to capture the underlying micromechanical behavior in a rather broad range of configurations involving finite deformations, plasticity and quasi-brittle damage effects. Without resorting to discontinuous methods, cases of damage localization as in the provided examples require relatively fine meshes and therefore they limit the gain in terms of degrees of freedom between the reference and the homogenized models in the order of a factor of five. Nevertheless, the versatility of the homogenized model due to the decoupling between the computational mesh and the material microstructure, allows for significant optimizations such as adaptive mesh refinement and selective activation of the internal kinematic variables b i . In combination with such techniques, the potential computational gain of the proposed method compared to direct simulations is considerable.
Among other multiscale approaches, reviewed in the introduction, the characteristics of the present example limit the possible choices for achieving comparable results, rather drastically.
In order to account for fiber bending effects, a second order homogenization scheme would be This article is protected by copyright. All rights reserved.
K. POULIOS AND C. F. NIORDSON necessary. In combination with the strongly nonlinear material behavior and kinematics, this leads to second order FE 2 as the only obvious choice. An FE 2 model of this level of complexity was developed in [33] and was used for solving a corresponding two dimensional problem, where only a marginal computational gain compared to a direct model was reported. The proposed methodology is in general applicable to a broader range of constitutive laws compared to the isotropic ductile and brittle materials considered here. Corresponding orthotropic constitutive laws, with different material properties parallel and perpendicular to the layering direction are rather straightforward to implement. For material combinations with a lower stiffness contrast between the two phases, or for a combination of two ductile phases, a richer description of ductile layers is probably required. In such cases, variations through the ductile layer thickness could be captured by using kinematic enhancements and integration schemes similar to the ones suggested here for the brittle phase. Extensions of the proposed method to different types of damage, such as matrix cracking and interface debonding are also conceptually possible. Moreover, an extension to three dimensional layered structures is very straightforward while a possible extension to unidirectionally reinforced composites requires some more advanced steps. The unit cell with a circular inclusion in that case would require additional internal kinematic variables, an appropriate choice of control points within the fiber and the matrix materials and the definition of a corresponding numerical integration scheme. However, the margin for a possible computational gain is also larger due to the higher computational complexity of the direct modeling approach in three dimensions. A comparison of the numerical performance of the aforementioned three dimensional extensions of the present work with other high fidelity approaches such as multilevel finite-element methods would be interesting.
